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宇宙論とは？
● 宇宙の形：空間は一様等方（最大対称空間）

● 宇宙の進化：重力の法則
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球面の大きさ a.t/
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scale factor
力学変数

○ Einstein方程式（Friedman方程式）
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幾何学 エネルギー密度

○ 物質の運動方程式（流体など）

コペルニクス原理
a.t/
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膨張宇宙の解 Pa > 0
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輻射 物質
真空のエネルギー
宇宙項

Ra < 0
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Ra > 0
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減速膨張

加速膨張

⇢.a/
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膨張則と時空構造

● 減速膨張宇宙 物質優勢
a / t2=3
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● 加速膨張宇宙 真空エネルギー優勢
a / exp.H t/
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インフレーション

ハッブル パラメータ H WD Pa
a
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地平線長さ（ハッブル長さ）
H
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地平線長さ（ハッブル長さ）
H

�1 D const.
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A B
２点間距離 rp / a.t/
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宇宙の構造形成のシナリオ

�5

 量子ゆらぎ

インフラトン（量子場）
�.t/ C ı�.t; x/

大規模構造

ıgab重力不安定性

加速膨張

エネルギー密度
曲率のゆらぎ

減速膨張

micro

macro

Hubble horizon
地平線長さH

�1

空間

時間

インフレーションは構造形成に必要な 
ゆらぎの種を準備する

インフレーション： 
宇宙の加速膨張期

どれだけ加速膨張したか？
時間10-36-10-34sの間に　　=1024倍程度e60
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0.1mm ⇒ 銀河系

再加熱（ビッグバン）
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膨張宇宙での量子効果
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Bogoluibov変換

加速膨張によって真空状態は 
2 mode squeezed stateに変わる

squeezing op: k; �k
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間のエンタングルメントを生成
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r→∞でEPR状態

● 量子場（スカラー場，電磁場，重力波など）
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de Sitter時空上の場の２点相関関数 massless minimal scalar

インフレーション膨張は large scale の量子ゆらぎを生み出すrp > H
�1
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急激な膨張による 粒子生成 squeezing

ミンコフスキー真空の場合 
　（ゼロ点振動）
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ゆらぎの古典性

量子論の期待値を再現する古典確率分布の存在を仮定

を統計平均と読み直す
c 数のrandom Gaussian variable

量子力学的変数

古典化の仮定
h OR ORi

D
� � �

E

OR

● 量子論の期待値を古典論の構造形成の初期値として用いる

hj ORkj
2
i ⇠

✓
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◆2

⇥ hjı O�kj
2
i

曲率ゆらぎ 量子ゆらぎ hı O�kı O�k
é
i ⇠ „

H
2

k3

● 量子起源のゆらぎを古典ゆらぎとみなして良い条件

Bell不等式を満たす
Local hidden variable (LHV) theoryで記述できる

２体系に関してはseparableであることと同値
（2体間エンタングルがない）

ゆらぎの相関を再現する局所的確率分布が存在する

古典ゆらぎを用いて構造形成を説明したいのだが作られるゆらぎは量子的



Entanglement in Cosmic Inflation
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2体間エンタングルメント
●２体系に対して

A B

O⇢AB

● このように表せないとき，A, Bはentangleしているとよぶ

● 状態がseparable

O⇢AB D

X

j

wj O⇢
j
A ˝ O⇢

j
B ;

X

j

wj D 1; wj � 0

古典相関

Bに対する部分転置 Q⇢AB

       　が負の固有値を持つQ⇢AB

A. Peres 1996

 is entangledO⇢AB

PPT criterion   (positive partial transpose)

● Entanglementの判定条件

Negativity

N D 1

2

⇣X

j

j Q�j j � 1
⌘

：　　の固有値Q⇢ABQ�i

X

i

Q�i D 1

   is entangled⇢ABN > 0

2x2, 2x3-dim
Gaussian state

1x1 modes, 1xN modes

必要十分



Large Scale Entanglement during Inflation
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comoving detectors

A B 初期状態
ti

tf

t

⇢i D ⇢A ˝ ⇢B

⇢f

相互作用

場のentanglementをdetector (qubit)間のentanglementを通して読み取る

OHint D g. O�C C O��/�.x.⌧//

O�C D j1ih0j O�� D j0ih1j

separable

局所的操作ではentanglementは作れない：場のentanglementを写し取った

entangled

２準位系（qubit detector）

!

E2

E1 j0i

j1i

（思考実験）
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2-qubit detectorではsuper horizon scaleのentanglementは検出できない

Entanglement of 2-quit detectors
Qubit 間距離　　　   ではseparable（coherenceが失われる）r > rmax

A B
r

多体間エンタングルメントの効果は？

✓ D H�t
2
!
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2体相関のみ考える限りLHVが存在しうる（限定された意味での古典化？）

Y. Nambu 2013minimal scalar
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Figure 2. The entanglement detection is possible for parameters (r, q) in regions left side of each solid
lines. Left panel: massless conformal scalar field. Right panel: massless minimal scalar field with
e-foldings N = 0, 2, 10.

For the massless conformal scalar field, the maximum distance of entanglement detection is 2H�1 and82

for the massless minimal scalar field, that distance is H�1. In this paper, we regard the Hubble length83

H�1 as the horizon radius and define the super horizon scale as r > 2H�1. Following this definition of84

“super horizon scale”, a pair of detectors cannot access to entanglement on the super horizon scale for85

both type of scalar fields.86

4. Negativity for m + n detectors system87

Let us consider entanglement harvesting using m + n detectors. The initial state of detectors is
assumed to be

r0 = |0 : 0ih0 : 0|, (23)

rmax D H
�1

conformal scalarでは
rmax D 2H

�1
<latexit sha1_base64="0eHe3e4fpbIvQQS8G+B2cG9+Uog="></latexit><latexit sha1_base64="LqETmPq8/+XnWFvTywNj8dqk1M4="></latexit><latexit sha1_base64="LqETmPq8/+XnWFvTywNj8dqk1M4="></latexit><latexit sha1_base64="LqETmPq8/+XnWFvTywNj8dqk1M4="></latexit>
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Multipartite Entanglement of Long Wavelength Mode

● (?) 「量子」から「古典」への転移が起きたとみなせるのか？

A

B
rp

C

３体系

A

B
rp

C

D

４体系

● (?)  Inflation起源のゆらぎの量子性は検出できないのか？

Super horizon scaleでの量子ゆらぎは「古典」相関のみ含み，

古典確率系として扱える

２つのdetectorで検出できる２体相関：

２体間エンタングルメントは多体系でのエンタングルメントの１側面に

すぎない．多体間エンタングルメントの振る舞いを確認する必要あり
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S. Kukita & YN, Entropy 19 (2017), 449

検出可能なエンタングルスケール

はdetectorの数に伴い増大する

多体間効果により，super horizon scaleのエンタングルメントを検出可能
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Structure of Multipartite Entanglement: Monogamy

For symmetric state, stronger monogamy relation is obtained using the equality 

N 2
AjBC D N 2

AjB C N 2
AjC C N 2

AjBjC
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C
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B
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B
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C

C C
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A
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D

Residual: N 2
AjBC � N 2

AjB � N 2
AjC 多体エンタングルメントの指標

G. Adesso et al. 2007

N 2
AjBC � N 2

AjB C N 2
AjC

A
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C
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B

C

B
A

C

� C

T. Hiroshima et al. 2007qubit system

2

FIG. 1. (Color online) Monogamy: Two persons sharing an um-
brella are unmindful to the presence of the third person.

context of quantum steering [58, 59], quantum teleportation
fidelity [60], and contextual inequalities [61, 62].

The monogamy properties of quantum correlations find
potential applications in quantum information based proto-
cols like quantum cryptography [3], entanglement distilla-
tion [22], quantum state and channel discrimination [44, 45,
63], and in characterizing quantum many-body systems [64–
72] as well as in biological processes [73, 74]. The key
concept of entanglement-based quantum cryptography es-
sentially exploits the trade off in monogamy of quantum cor-
relations, which limits the amount of information that an
eavesdropper can extract about the secret key, shared be-
tween a sender and a receiver, obtained via measurement on
both sides of an entangled state between the sender and the
receiver [4, 11, 75]. The constraints on shareability of entan-
glement finds further application in enhancing quantum pri-
vacy via entanglement purification [76]. Another importance
of monogamy relations, arising due to the constraints that
they put on the distribution of quantum correlation among
many parties, is their ability to capture multipartite quantum
correlations present in the system, the latter being, in general,
a challenging task [13, 77, 78]. Moreover, they play a deci-
sive role in designing the structure of eigenstates of quantum
spin models, which are expected to obey the no-go principles
arising from the monogamy constraints [67].

In this chapter, our main aim is to review the results on
monogamy of quantum discord, and other “discord-like”
measures of quantum correlations. We survey the proper-
ties of a proposed multiparty quantum correlation measure,
called the “monogamy score”, and its relations with other
measures of quantum correlations. Finally, we also take
a look at the usefulness of the monogamy score for quan-
tum discord in quantum information science, and in quan-
tum many-body physics. The structure of this chapter is as
follows. In Section II, we present a short review on the stud-
ies that have been carried out on the monogamy properties
of entanglement. Section III consists of the definitions of

several quantum correlation measures, such as quantum dis-
cord, quantum work deficit, and geometric quantum discord,
that have been defined independent of the entanglement-
separability paradigm, The monogamy properties of these
measures are discussed in the following sections. In Section
IV, we focus on the monogamy of quantum discord. The
monogamy property of other information-theoretic quantum
correlation measures are discussed in Section V. Section VI
provides a report on the relation between the monogamy
of quantum correlations with other multiparty measures. In
Section VII, we review some noteworthy applications of the
monogamy property. Section VIII contains some concluding
remarks.

II. MONOGAMY RELATIONS OF ENTANGLEMENT

In this section, we provide a brief discussion on the
monogamy properties of different entanglement measures,
such as concurrence, negativity, etc. Starting from tripar-
tite quantum systems, we expand the discussion to the more
complex cases in multiparty systems. For a review, see [14].

We also formally define the “monogamy score” corre-
sponding to an arbitrary quantum correlation measure.

A. Tripartite system: CKW inequality and beyond

In this subsection, we review monogamy properties of en-
tanglement in the tripartite scenario, using concurrence as
the entanglement measure. For an arbitrary two-qubit quan-
tum state ⇢AB , concurrence is defined as [19, 20] CAB ⌘

C(⇢AB) = max{0,�1 � �2 � �3 � �4}, where {�i}, , i =
1, . . . , 4, are square roots of the eigenvalues of the positive
operator ⇢⇢̃ in descending order, and the spin-flipped den-
sity matrix ⇢̃ is given by ⇢̃ = (�y ⌦ �y)⇢⇤(�y ⌦ �y). Here
and henceforth, �x, �y and �z denote the standard Pauli
spin matrices. Note that C vanishes for the separable states
and attains the value 1 for the maximally entangled states
in C2

⌦ C2 systems. The physical significance of concur-
rence stems from the fact that the entanglement of formation
is a monotonic function of concurrence, and vice versa, in
C2

⌦ C2 [19, 20]. A formal definition of entanglement of
formation is given later in this section.

Consider a three-qubit pure state, ⇢ABC = (|�ih�|)ABC .
The concurrences corresponding to the the reduced density
matrices ⇢AB = TrC(⇢ABC) and ⇢AC = TrB(⇢ABC) sat-
isfy the inequalities, C

2
AB  Tr(⇢AB ⇢̃AB) and C

2
AC 

Tr(⇢AC ⇢̃AC), respectively. It can further be shown that
Tr(⇢AB ⇢̃AB) + Tr(⇢AC ⇢̃AC) = 4 det⇢A. This leads to fol-
lowing inequality [13]:

C
2
AB + C

2
AC  4 det ⇢A, (1)

where ⇢A = TrBC(⇢ABC). Even though BC is a four-
dimensional system, the support of ⇢BC = TrA(⇢ABC) is
spanned by the eigenstates corresponding to at most two
non-zero eigenvalues of the reduced density matrix ⇢BC ,
and hence is effectively defined on a two-dimensional space.

A B C

ABが強くもつれていると 
CはABに関与できない（しづらい）

A

B C

EAB
<latexit sha1_base64="KI7IkUfZE94zgH+gvvByy7qcylo="></latexit><latexit sha1_base64="SwLf6uiXsHpRdja8j3NSL/FJKIE="></latexit><latexit sha1_base64="SwLf6uiXsHpRdja8j3NSL/FJKIE="></latexit><latexit sha1_base64="SwLf6uiXsHpRdja8j3NSL/FJKIE="></latexit> EAC

<latexit sha1_base64="MRJD0QIoBb+nZpVI//cDDuzShtc="></latexit><latexit sha1_base64="kNdBzmfXyfslKmKqx7RaHkPphZY="></latexit><latexit sha1_base64="kNdBzmfXyfslKmKqx7RaHkPphZY="></latexit><latexit sha1_base64="kNdBzmfXyfslKmKqx7RaHkPphZY="></latexit>
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Super horizon scaleに対しては A
B
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純粋な３体間エンタングルメント

純粋な４体間エンタングルメント

多体間エンタングルメントは

super horizon scaleでも残る



Entanglement witnessとしてのBell不等式
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● 量子場のエンタングルメントの検出
Negativityはobservableではない
Bell不等式の破れを見る

a b

JA C JB D 0

測定軸 測定軸

A B

LHVならAの測定値はBの測定値に影響しない（locality）

相関 E.a; b/ ⌘ hAaBbi D
Z

dxf .x/A.a; x/B.b; x/

Bell不等式が破れる 状態はentangleしている

QM observable
Aa D a � � .A/

Bb D b � � .B/

Bell-CHSH inequality

jB2j D jE.a; b/ C E.a; b0/ C E.a0; b/ � E.a0; b0/j=2  1
<latexit sha1_base64="mm8aN4NIKO/EOemxwj9/PUZbibU="></latexit><latexit sha1_base64="V6khO4e2Mh+pWXesowlSeaGgXOI="></latexit><latexit sha1_base64="V6khO4e2Mh+pWXesowlSeaGgXOI="></latexit><latexit sha1_base64="V6khO4e2Mh+pWXesowlSeaGgXOI="></latexit>

jB2j 
p

2
<latexit sha1_base64="Zde3aujFo/xKTAMTpa8AFqqkgrc="></latexit><latexit sha1_base64="GU26hJjXJ4IuuTYOsnDkoUbJS/U="></latexit><latexit sha1_base64="GU26hJjXJ4IuuTYOsnDkoUbJS/U="></latexit><latexit sha1_base64="GU26hJjXJ4IuuTYOsnDkoUbJS/U="></latexit>

Bell-CHSH不等式を破り得る

E
Entangleしている状態

Bell破れ

Cirel’son bound
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多体系に対する「Bell不等式」 BMK(Bell-Mermin-Klyshko) inequality

Violation of BMK inequality in mutipartite detectors system

2017/8/11 by Yasusada Nambu

Abstract

???

1 Introduction

✏ Test of Bell type inequality in detectors system

✏ In de Sitter space, effect of multipartite entanglement makes bipartite entanglement on the super horizon scale.

✏ Thus we can expect Bell type inequality is violated. We check this by evaluating the BMK inequality for n-detectors
system.

– The direct evaluation of the Bell operator does not show violation of the inequality. Hence we combine the
process of distillation of entanglement via local filtering operation.

✏ We check n D 2; 3; 4 cases numerically and show that the BMK inequality is violated for n D 3; 4 on the super
horizon scale.

✏ n D 3 W rmax D 3:5, n D 4 W rmax D 3:6.

n D 2 n D 3 n D 4

r r

r

Figure 1: Configuration of detectors system.

2 BMK inequlaity

Operators for n detectors fO1; � � � ;Ong. For each detectors, spin operators are

Oj ⌘ aj � � ; (1)

where aj is a unit vector. The BMK operator is defind recursively as

Bn D
1

2
Bn�1.On CO

0
n/C

1

2
B

0
n�1.On �O

0
n/; B1 D O1; B

0
1 D O

0
1; n D 2; 3; � � � : (2)

2B2 D O1O2 CO
0
1O2 CO1O

0
2 �O

0
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0
2; (3)

2B3 D O
0
1O2O3 CO1O

0
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0
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0
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4: (5)

Oj ⌘ aj � �spin operator
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For the LHV theory, the BMK inequality is

jhBnij  1; n D 1; 2; � � � : (6)

On the other hand, quantum mechanics predicts

jhBnij  2
n�1

2 ; n D 1; 2; � � � ; (7)

and the upper bound of the inequality exceeds values predicted by the LHV theory. The upper bounds are n D 2 W
p
2,

n D 3 W 2, n D 4 W 2
p
2.

3 Entanglement of detectors system

We consider n-detectors system interacting with a scalar field. The evolution of detectors’ state is described by the
following Gorni-Kossakowski-Lindblad-Sudarshan (GKLS) master equation

@⇢

@t
C i ŒHeff; ⇢ç D LŒ⇢ç; (8)

Heff D HS �
i

2

X

˛

X

j

H
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j2

; (9)
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h
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�
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i
: (10)

For the initial separable state
⇢0 D j0 � � � 0ih0 � � � 0j; (11)

as ŒHeff; ⇢0ç D 0, the solution of the master equation (8) up to O.�t2/ is

⇢ D ⇢0 C�tLŒ⇢0çC
.�t /2

2
LŒLŒ⇢0çç: (12)

We consider the massless conformal scalar field in de Sitter space. The coefficietns C necessary for analysis in this
paper are

C
.r/
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g2�H 2e�!2�2

2⇡2

e2i!��2i✓

H 2r2
; C

.r/
�C D
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2⇡2

1

H 2r2 C 4 sin2 ✓
; (13)

where ✓ D H�2!. For Minwkowski limit H ! 0,

C
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2⇡2

e2i!��2i✓

r2
; C

.r/
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r2 C 4.�2!/2
; (14)

For n D 2, the bipartite entanglement is quantified by the following negativity1
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�C: (15)

For de Sitter,

EN /
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� 1
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; (16)

and the bipartite entanglement is detectable for Hr < 2 sin ✓  2. For Minskowski,

EN /
1

r2
� 1

4.�2!/2
; (17)

and the bipartite entanglement is detectable for r < 2�2! 1.

1Non zero value of negativity means there exists distillable entanglement.
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Cirel’son bound

N.D.Mermin 1990
A.V.Belinskii and D.N.Klyshko 1993

Test of Bell Inequality in Cosmology
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BMK inequality (n=3,4)のsuper horizon scaleでの

破れが見えてくる

r
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Monte Carlo

5000 samples

Test of BMK Inequality: de Sitter n=3,4
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Figure 5: r dependence of maximum values of jB2j after local filtering. Violation of the Bell-CHSH inequality is detectable for r < 1:5
(sub horizon scale).

5.2 n D 3; 4 cases

⌅ n D 3 n D 3 case,

Figure 6: Left: r dependence of B3 without local filters. jB3j does not exceed unity. Right: behavior of B2 after local filters. By
choosing appropriate values of the parameter ⌘, jB3j can exceed unity and the BMK inequality is violated for r D 0:8; 1; 2; 3.

1.0 1.5 2.0 2.5 3.0 3.5 4.0
0.0

0.5

1.0

1.5

r

|ℬ
3
m
ax

Figure 7: r dependence of maximum values of jB3j after local filtering. Violation of the BMK inequality is detectable for r < 3:3
(super horizon scale).

⌅ n D 4 n D 4 case,
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Figure 8: Left: r dependence of B4 without local filters. jB4j does not exceed unity. Right: behavior of B4 after local filters. By
choosing appropriate values of the parameter ⌘, jB4j can exceed unity and the BMK inequality is violated for r D 0:8; 1; 2; 3.
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Figure 9: r dependence of maximum values of jB4j after local filtering. Violation of the BMK inequality is detectable for r < 3:6
(super horizon scale).

6 Summary

rmax ⇠ 3:3H
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Super horizon  scaleでのentanglement の振舞い
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 有限温度系におけるRee-Schlieder theorem : 
 任意の温度において, すべての２つの局所的領域はエンタングルしている

膨張宇宙（de Sitter）での証明はない TH D H=2⇡
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高温極限スーパーホライズン スケール

H.Narnhofer 2005

 Qubit detectorのペアはハッブル地平線以上の大スケールの 
エンタングルメントを検出することはできない．

2体相関のみでは量子古典の区別が不可能

 しかしながら多数個のdetectorを用意し多体間エンタングルメント 
の効果を用いれば大スケールのエンタングルメントにアクセスする 
ことが可能 量子性検証の可能性

 場のエンタングルメントがないことは結論できない

garded as the continuum limit of our discretized model. We assume that each region includes

l harmonic oscillators and their separation is d. Since the vacuum state is Gaussian, the

quantum bipartite entanglement can be completely characterized by the covariance matrix.

For the bipartite system, it is given by the following real symmetric matrix:

VAB =

2

4 A C

CT B

3

5 , B = A, AT = A, (11)

where the matrices A and B represent the 2l⇥ 2l covariance matrix for each region and the

matrix C denotes the correlation between them (Fig. 1).

FIG. 1: Two spatial symmetric regions A and B in a harmonic chain. d and l correspond to the

comoving distance between the two regions and the comoving size of each region, respectively.

The two point correlation functions of canonical variables on each site for the vacuum state

are

1

2
h0|q̂j q̂l + q̂j q̂l|0i =

1

N

N�1X

k=0

|fk|
2 cos [✓k(j � l)] , (12)

1

2
h0|p̂j p̂l + p̂lp̂j|0i =

1

N

N�1X

k=0

|gk|
2 cos [✓k(j � l)] , (13)

1

2
h0|q̂j p̂l + p̂lq̂j|0i =

1

N

N�1X

k=0

i

2
(fkg

⇤
k � f ⇤

kgk) cos [✓k(j � l)] . (14)

Let us choose the mode functions fk and gk in our model as follows:

fk =
1

p
2!k

✓
1 +

1

i!k⌧

◆
e�i!k⌧ , gk =

r
!k

2
e�i!k⌧ . (15)

These mode functions correspond to choosing the Bunch-Davies vacuum as the vacuum state

|0i. To confirm that our numerical calculation realizes the continuum limit of the lattice

model, we check the convergence of the logarithmic negativity. We define

lp = �l/⌧, dp = �d/⌧, (16)

5

H
�1
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A.Matsumura and Y.Nambu 1707.08414
Numerical calculation of 1+1 harmonic chain 
in de Sitter space

de Sitterの場合での確認
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Qubit model of quantum phenomena in curved spacetimes
曲がった時空における量子系（場の理論）におけるエンタングルメント

の振る舞いをモデル化して理解する

● Hawking輻射（black hole evaporation) information loss, firewall問題

j0i
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j1i
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BH JR ER

5

finishes and the black hole disappears completely, all the qubits in BH become |0⟩ state. On 
the other hand, at the initial stage of evaporation, most of the radiated particles are in |0⟩ state 
(no particles). Thus, radiated particles state will becomes very complicated because informa-
tion of the black hole is carried away by the radiated particles. We expect that evaporation can 
be modeled by swapping the information (qubit) of the black hole with a part of radiation’s 
degrees of freedom. In our model, the SWAP are performed twice between BH and JR, and 
between JR and ER.

As a demonstration, we look at the case of the 5 qubit total system and show how the 
SWAP procedure transfer the information of BH to radiations. The total system is

|ψ⟩ = |BH⟩ ⊗ |JR⟩ ⊗ |ER⟩, (3)

with |BH| = 22 (2 qubit), |JR| = 21 (1 qubit), |ER| = 22 (2 qubit). The initial state of each 
subsystem is assumed to be

|BH⟩ = |0 ⟩BH1 |1 ⟩BH2 + |1 ⟩BH1 |0 ⟩BH2√
2

, |JR⟩ = |0 ⟩JR, |ER⟩ = |0 ⟩ER1 |0 ⟩ER2 ,

 (4)
and the initial total state |ψ0⟩ is

|ψ0⟩ =
1√
2

[
|10⟩+ |01⟩

]

BH12

|0⟩JR|00⟩ER12 . (5)

Although the Page curve is the average of entanglement entropy, we focus here on a specific 
state and compute the non-averaged entanglement entropy. The quantum circuit we introduce 
is shown in figure 3.

Let us follow the time steps realized by this circuit.

At time step 1 :

 1.  Apply the SWAP between the first qubit of BH and JR,

|ψ0⟩ "−→ |ψ0′⟩ =
1√
2
|0⟩BH1

[
|01⟩+ |10⟩

]

BH2 ,JR
|00⟩ER12 . (6)

 2.  Apply the SWAP between JR and the first qubit of ER,

|ψ0′⟩ "−→ |ψ1⟩ =
1√
2
|0⟩BH1 |0⟩JR

[
|01⟩+ |10⟩

]

BH2 ,ER1

|0⟩ER2 . (7)

Figure 3. The SWAP circuit for 5 qubit system.

T Tokusumi et alClass. Quantum Grav. 35 (2018) 235013

no particle
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U
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T.Tokuzumi, A. Matsumura & YN, 2018
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rule 2:

rule 3:
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“firewall”の構造が出現．古典相関は残る（separable state）

● Page timeの後， BHとJR はseparableになる（low frequency modes）

● BH の情報は Radiation に移動していく
Page curve の形は振動数に依存

9

we evaluate the entanglement entropy between BH and R = JR ∪ ER. The evolution of this 
quantity provides the Page curve, which is an indicator of the information transfer from BH to 
radiation. The result is shown for M4 ω = 0.1 and 0.01 in figure 7 . Here, M4 denotes the mass 
of the black hole at step 4.

For M4ω = 0.01 (small M4ω), the Page curve has a symmetric shape with respect to the 
middle point of the whole time steps. On the other hand, for M4ω = 0.1 (large M4ω), the 
entanglement entropy between BH and R is smaller compared to the small M4ω case during 
whole period of the evaporation process. For large M4ω, the black hole radiates Hawking par-
ticles with weak entanglement (see equation (11)). Thus the evaporation process is not random 
enough as Page assumed. However, our model results in Page curves for both values of M4ω 
because the degree of freedom of BH decreases as the time step proceeds due to the action of 
the SWAP gate. The entanglement entropy becomes maximum at step 4 and this time step is 
the Page time of our model.

3.2. Expectation value of particle number of JR

To examine the evaporation rate of our model, we calculate the expectation value of the emit-
ted particle number. In our model, the Hawking radiation is expressed by the state (11) and 
this expression results in the expectatin value of the particle number

⟨n⟩ = 1
e8 πMω + 1

.
 (18)

Although this distribution is equivalent to that of the Hawking radiation with the fermion 
field [1], we are treating the bosonic particles and the fermionic distribution is result of our 
assumption for the state of the Hawking radiation. For the state |ψ⟩ =

∑
ijk Cijk|i⟩BH|j⟩JR|k⟩ER, 

the expectation value of the particle number of JR is expressed as

⟨nJR⟩ =
∑

ik

|Ci1 k|2 . (19)

We checked these formulas for M4ω = 1, 0.1, 0.01, 0.001 (figure 8). As the black 
hole evaporates, the mass decreases and the time step advances from right to left. In our 
model, ⟨nJR⟩ well coincides with the formula (18) except at the last step with M4ω ! 0.1. 

Figure 7. The Page curve of our circuit model.

T Tokusumi et alClass. Quantum Grav. 35 (2018) 235013

Page curve

11

partial transpose criterion [15] and we have N = 0. Thus N > 0 means the state is non-
separable (entangled). The negativity is an entanglement monotone function, and can be used 
to quantify the entanglement between A and B even if the combined system A∪B is not pure. 
N > 0 is the necesary and sufficient non-separable condition for 2 ⊗ 2 and 2 ⊗ 3 bipartite 
quantum systems.

We calculate these entanglement measures between BH and JR, JR and ER, ER and BH for 
M4 ω = 0.1, 0.01. The result is shown in figure 9. For M4ω = 0.01, the negativity between 
BH and JR becomes zero at step 5 after the Page time and BH and JR are separable. In other 
words, for the Hawking radiation with sufficiently low frequencies, a structure similar to the 
firewall appears between BH and JR. However, contrary to the original proposed firewall by 
AMPS, the classical correlations remains in our firewall-like structure and we do not expect 

Figure 9. Evolution of the mutual information and the negativity. Upper panels: 
evolution of the mutual information I(BH :JR) and the negativity N (BH :JR). For 
M4ω = 0.01, after step 5, the negativity becomes zero and the mutual information has 
very small but non-zero values. This implies the firewall-like structure appears after 
the Page time. Middle panels: information of emitted radiation, which show how 
much information is extracted from BH at each step. Bottom panels: entanglement of 
BH ∪ ER subsystem shows nearly the same behavior as the Page curve.

T Tokusumi et alClass. Quantum Grav. 35 (2018) 235013

negativity between BH, JR

separable

firewall
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Qubit model of inflation
inflation (de Sitter)でのエンタングルメント構造をモデル化する

h.ı O�/
2
i D

H
3
t

4⇡2
/ t

ブラウン運動する粒子と同じ振舞い (stochastic inflation)

A. Vilenkin 1983

�

step ˙H=2⇡

��0 C�0

Dispersion of inflaton fluctuation

d>0 なら時間と共に増大 
self-reproducing eternal inflation

H
�1

2H
�1

4H
�1

● The probability to stay in j�j < �0 p ⇠ exp
✓

� H
3
t

32�
2
0

◆

N ⇠ exp.3Ht/● The number of horizon regions

● The number of inflating regions

pN ⇠ exp.dHt/

d D 3 � H
2

32�
2
0

フラクタル次元
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Markovian bit model
空間は１次元
宇宙の状態は0,1

Quantum model of stochastic inflation quantum-stochastic.tex 2020/9/10 Yasusada Nambu 3

Figure 2: Transition diagram of model 2. p is transition probability from [inf] to [therm].

The state obyes

f
.nC1/
0

D f .n/
0
C p.f .n/

1
C f .n/

2
/; f

.nC1/
1

D 1 � p
2

.f
.n/

1
C f .n/

2
/; f

.nC1/
2

D 1 � p
2

.f
.n/

1
C f .n/

2
/ (14)

and the transition matrix is

P D

2

4
1 0 0

p
1�p
2

1�p
2

p
1�p
2

1�p
2

3

5 : (15)

For the intial condition f .0/
0
D 0; f .0/

1
D 1; f .0/

2
D 0, the solution is

f
.n/

0
D 1 � .1 � p/n; f

.n/

1
D f .n/

2
D 1

2
.1 � p/n; n � 1: (16)

We start from a single h-region (h-cell) with state 1 (inflating cell). The rule of evolution is

n=1 n=2 n=3

branching transition

n=0

Figure 3: Rule of evolution for cbit model.

In the branching process, input state is copied to output state. We can estimate volume of inflating cells (for model 1). At
time step n, the probability of still inflating (value of cell is 1) is

.1 � p/n D en ln.1�p/
: (17)

Quantum model of stochastic inflation quantum-stochastic.tex 2020/9/10 Yasusada Nambu 2

Negativity for this state is

NE D max

✓
0;
3c � 1
4

◆
: (6)

The state is entangled for c � 1=3.
The average number of inflating region is

hvi WD 0 ⇥ 1C c
4
C 1 ⇥ 1 � c

4
C 1 ⇥ 1 � c

4
C 2 ⇥ 1C c

4
D 1; (7)

˝
v2

˛
WD 02 ⇥ 1C c

4
C 12 ⇥ 1 � c

4
C 12 ⇥ 1 � c

4
C 22 ⇥ 1C c

4
D 3

2
� c
2
: (8)

The dispersion is

Å WD
˝
v2

˛
� hvi2 D 1

2
� c
2
; (9)

and entanglement supress fluctuation of inflating volume.

4 Bit model

We represent state of h-region at step n by f .n/i .

4.1 cbit model

⌅ model 1 The rule of transition of states is as follows (Markovian process)

1

<latexit sha1_base64="QJ7IeAmH+7zKUlRI3Wo7+hCAJx0="></latexit>

p

<latexit sha1_base64="Js0pkKV5+HwrF3CHpbgATMWH3jE="></latexit>

1 � p

<latexit sha1_base64="A1wmGEs9mlTf6v4H2NLb7kvEs3Y="></latexit>

0:therm 1: inf

Figure 1: The transition diagram of model 1. p is transition probability from [inf] to [therm].

The transition matrix P is defined by

.P /ij D pij WD p.i ! j /; i; j D 1; 2; 3: (10)

The probability of the state at step nC 1 is related to probability of the state at step n as

f
.nC1/
i D

X

j

f
.n/
j pj i D

X

j

.P T /ijf
.n/
j : (11)

For model 1,

f
.nC1/
0 D f .n/0 C pf .n/1 ; f

.nC1/
1 D .1 � p/f .n/1 ; P D


1 0
p 1 � p

�
: (12)

For initial condition f .0/0 D 0; f .0/1 D 1,

f
.n/
0 D 1 � .1 � p/n; f

.n/
1 D .1 � p/n; n � 0: (13)

⌅ model 2 In this model, inflating cell has two states 1,2. The rule of transition for states is as follows

inflating

1 0

thermalized

rule of transition

pは定数（モデルパラメーター）

1

0

1

0

p

1-p

1

H
�1

multiverse
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p<1/2でeternal inflation

2n ⇥ .1 � p/n D 2dn

<latexit sha1_base64="dyVKqf76s3UuiQnWmJMBNt7Il34="></latexit>

d D 1 C log2.1 � p/

<latexit sha1_base64="lK5BTmkn2oSVtNCFTB8xqb/FMi8="></latexit>

● inflating bitの平均個数

全個数 確率

フラクタル次元

0
1
2
3
4
5
6
7
8
9
10

p=1/5 p=3/5time step

inflating
thermalized

空間 空間

このモデルでのエンタングルメントの構造は？
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Quantum Operation (quantum channel)

正値性，トレース保存を満たすアフィン写像    は次の形に限られる：ƒ

<latexit sha1_base64="AZ55Bcn7OujkbePsJEwdZ8hqO0Q="></latexit>

⇢0 D ƒ.⇢/ D
X

k

Mk⇢Mk
é
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X

k

Mk
éMk D 1
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Mk
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：クラウス演算子

TPCP (trace preserving completely positive) map

ある量子状態   を別の量子状態　に変換する操作を考える：⇢

<latexit sha1_base64="j7gvzb+A5EIXaHjHARHC012565g="></latexit>

⇢0

<latexit sha1_base64="8d9RvXBE4ndVVBAT5SSOgSVsJ6g="></latexit>

⇢
ƒ��! ⇢0

<latexit sha1_base64="afoiRo1wnj9vLKF3RYALprv3K4g="></latexit>

● TPCP mapの形でstochastic inflationの量子状態変化を表現する

＊ 一般的な量子測定操作等もこの形で表現できる
＊ 量子開放系のダイナミクス

＊ 量子力学で許されうる状態変化の形
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Qubit model of stochastic inflation
● rule of transition

Quantum model of stochastic inflation quantum-stochastic.tex 2020/9/10 Yasusada Nambu 2

Negativity for this state is

NE D max

✓
0;
3c � 1
4

◆
: (6)

The state is entangled for c � 1=3.
The average number of inflating region is

hvi WD 0 ⇥ 1C c
4
C 1 ⇥ 1 � c

4
C 1 ⇥ 1 � c

4
C 2 ⇥ 1C c

4
D 1; (7)

˝
v2

˛
WD 02 ⇥ 1C c

4
C 12 ⇥ 1 � c

4
C 12 ⇥ 1 � c

4
C 22 ⇥ 1C c

4
D 3

2
� c
2
: (8)

The dispersion is

Å WD
˝
v2

˛
� hvi2 D 1

2
� c
2
; (9)

and entanglement supress fluctuation of inflating volume.

4 Bit model

We represent state of h-region at step n by f .n/i .

4.1 cbit model

⌅ model 1 The rule of transition of states is as follows (Markovian process)

1
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p
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1 � p
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0:therm 1: inf

Figure 1: The transition diagram of model 1. p is transition probability from [inf] to [therm].

The transition matrix P is defined by

.P /ij D pij WD p.i ! j /; i; j D 1; 2; 3: (10)

The probability of the state at step nC 1 is related to probability of the state at step n as

f
.nC1/
i D

X

j

f
.n/
j pj i D

X

j

.P T /ijf
.n/
j : (11)

For model 1,

f
.nC1/
0 D f .n/0 C pf .n/1 ; f

.nC1/
1 D .1 � p/f .n/1 ; P D


1 0
p 1 � p

�
: (12)

For initial condition f .0/0 D 0; f .0/1 D 1,

f
.n/
0 D 1 � .1 � p/n; f

.n/
1 D .1 � p/n; n � 0: (13)

⌅ model 2 In this model, inflating cell has two states 1,2. The rule of transition for states is as follows

j0i

<latexit sha1_base64="jOkD8sEOygo9V1V0m7jRfk0S3o0="></latexit>

j1i
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Quantum model of stochastic inflation quantum-stochastic.tex 2020/9/10 Yasusada Nambu 4

The total volume (totoal number of cells) is
2
n D en ln2: (18)

Therefore expected valume of inflating volume (number of cells with 1) is

Vn D en ln2Cn ln.1�p/ D edn ln2; (19)

where the fractal dimension is introduced by

d WD 1 �
ln 1

1�p
ln 2

: (20)

For p < 1=2, d > 0 and inflating volume Vn increases with time step n (eternal inflation). On the other hand for p > 1=2,
Vn ! 0 as n increases.

✏ numerical simulation

✏ measurement of fractal dimension

✏ SVD of this model?

4.2 qubit model

We present quantum counterpart of cbit model. Transition of states is represented in terms of quantum channel (quantum
operation). For transition of each qubit state, we adopt the following rule:

j0i 1�! j0i ; j1i p�! j0i ; j1i 1�p���! j1i : (21)

This process is represented by the following quantum operation (amplitude damping channel)

⇢
0 D ƒt .⇢/ DM0⇢M0

é CM1⇢M1
é
; M0 D


1 0

0
p
1 � p

�
; M1 D


0
p
p

0 0

�
: (22)

For initial pure state ⇢ D j i h j ; j i D ˛ j0i C ˇ j1i,

⇢
0 D


j˛j2 C pjˇj2 ˛ˇ

⇤p
1 � p

˛
⇤
ˇ
p
1 � p jˇj2p1 � p

�
(23)

For branching process, we consider three different models.

⌅ model 0 The rule of branching process is just copy inputed qubit state

j0i U0��! j00i ; j1i U0��! j11i : (24)

This operation is represented as

⇢
0 D ƒb.⇢/ D

1X

kD0
Uk⇢Uk

é
; U0 D

2

664

1 0

0 0

0 0

0 0

3

775 ; U1 D

2

664

0 0

0 0

0 0

0 1

3

775 ;
1X

kD0
Uk
é
Uk D


1 0

0 1

�
: (25)

For general pure input state j i D ˛ j0i C ˇ j1i,

j i h j ƒb��! j˛j2 j00i h00j C jˇj2 j11i h11j : (26)

This process is same as the projective measurement.

● rule of branching（宇宙膨張の効果）

エンタングルペアーを生成
j i D sin r j11i C cos r j00i

<latexit sha1_base64="vK3ZBj/nThNoKyp9Ttsvrh/enPE="></latexit>
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j0i h0j ƒb���! j00i h00j

<latexit sha1_base64="5swt/QDRAGUJfnZv8gEg5HnQV/E="></latexit>

amplitude damping channel

0
0

0

1
1

1 0

0+
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step 0 step 1 step 2 step 3

1 qubit 2 qubit
4 qubit

8 qubit
密度行列のnon-zero成分

非対角成分の存在は量子相関（エンタングルメント）の効果． 
対角成分は対応する配位の実現確率を与える

step 0 step 1 step 2 step 3

2x2 4x4 16x16 256x256
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● inflating qubitの平均個数（密度行列の対角成分から計算）

.2.1 � p/ bBM2 r/n

<latexit sha1_base64="k9i6NIHLkx3Jxdz/HLCuquX7/DU="></latexit>

● ２つのqubit間のエンタングルメント測定 (witnessを用いる)

2.1 � p/ bBM2 r > 1
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でeternal inflation

eternal phaseに行くほど

entanglementは強くなる

entanglement強度と膨張則の

間の普遍的関係？

ならエンタングルしているOhW i > 0
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⇣
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⌘
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膨
張
則

エンタングルメントパラメータ

entangle

separable

eternal phaseが存在する r の範囲

では p が大きいとseparable
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Summary

● Test of Bell inequalities using qubit detectors

n=3,4: violation of Bell inequality is detected

on super horizon scales.

● インフレーション起源の長波長量子ゆらぎは古典化しているのか？

Effect of multi-partite entanglement

● 実際に観測測定可能か？
CMB, GW decaying modeの問題

初期宇宙の量子性の検証

宇宙論における「測定」の意味

２体相関から得られるゆらぎの情報は古典ゆらぎと区別つかない
多体エンタングルメントは見える
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Test of Bell Inequality in Cosmology
Bell experiment on the CMB？

● 運動量空間におけるBell不等式の破れ
○ pseudospin op. for continuous variable system

ŒOsj ; Osk ç D 2i✏jk` Os`

same algebra as spin ops.

○ Bell op.
OE.a; b/ D a � Os.k/ ˝ b � Os.�k/

2 OB.k; �k/ D OE.a; b/ C OE.a; b0/ C OE.a0; b/ � OE.a0; b0/

Two-mode squeezed state (Bunch-Davies vacuum)に対して
h OB.k; �k/iopt D

q
1 C tanh2.2rk/ cos2.2'k/ > 1 violates Bell inequality

Osx.k/ D

1X

nD0

.j2nk C 1ih2nkj C j2nkih2nk C 1j/

Osy.k/ D i

1X

nD0

.j2nkih2nk C 1j � j2nk C 1ih2nkj/

Osz.k/ D

1X

nD0

.j2nk C 1ih2nk C 1j � j2nkih2nkj/

J. Martin and V. Vennin 2017
S.Kanno and J.Soda 2017

● 実空間におけるBell不等式の破れの測定？

量子起源の(曲率)ゆらぎのパターンが天球面上に焼き付けられている
このデータからゆらぎの量子性を検証可能か？

宇宙背景放射 温度 2.7K ıT=T ⇠ 10�5
<latexit sha1_base64="PRME8AYevxry9akRNAbOaJlOIRA="></latexit><latexit sha1_base64="PRME8AYevxry9akRNAbOaJlOIRA="></latexit><latexit sha1_base64="PRME8AYevxry9akRNAbOaJlOIRA="></latexit><latexit sha1_base64="PRME8AYevxry9akRNAbOaJlOIRA="></latexit>
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.b � Os/xB
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A

B 相関 E.a; b/ D ha � OsA ˝ b � OsBi
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問題点，疑問点
● Bellの破れ：演算子の非可換性

rk ⇠ 100
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だと現実問題としてデータから非可換性を識別することが困難．
（宇宙年齢程度の時間が必要）

● 測定の意味：測定は１回のみ（？）

● 実空間，運動量空間におけるBell不等式の意味の違い？

多体間のBellで改善されるか？

実空間では２体量子相関は切れている

運動量空間では２体量子相関は切れない（decoherenceを考えなければ）

「エルゴート性」の仮定
天球上の異なる点は異なる測定に対応



Test of Bell’s Inequality 
 in Cosmic Inflation

Back up
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Bell-CHSH不等式の破れは検出できない
Entangleはしている

Monte Carlo

5000 samples

qubit A qubit B

a b
r

全ての   でエンタングルしうるr

A B

初期状態

相関測定

ti

tf

�

r
⇢i D ⇢A ˝ ⇢B

Test of Bell Inequality: Minkowski Vacuum 
entangledN ¤ 0

State:

Violation of BMK inequality in mutipartite detectors system BMK.tex 2017/8/11 Yasusada Nambu 5

5 Test of BMK inequality

5.1 n D 2 case

⌅ Minkowski vacuum We check the ineqality for Minkowski vacuum.

1.0 1.5 2.0 2.5 3.0 3.5 4.0
0.9
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1.1

1.2
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1.4

r

|ℬ
2
m
ax

Figure 2: Left: r dependence of B2 without local filters. jB2j does not exceed unity. Right: behavior of B2 after local filters. By
choosing appropriate values of the parameter ⌘, jB2j can exceed unity and the Bell-CHSH inequality is violated. For all values of r ,
the violation is observed.

Figure 3: r dependence of maximum values of jB2j after local filtering. Violation of the Bell-CHSH inequality is detectable for all r .

⌅ Conformal vacuum (de Sitter) Conformal vacuum case.

Figure 4: Left: r dependence of B2 without local filters. jB2j does not exceed unity. Right: behavior of B2 after local filters. By
choosing appropriate values of the parameter ⌘, jB2j can exceed unity and the Bell-CHSH inequality is violated for r D 0:8; 1.

相互作用



Hidden Non-locality: distillation of entanglement
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Bell破れが見えてない状態でも， 
局所操作後にBell破れが見えることがある

The state with no violation of Bell ineq.

Entangled state

Violation of Bell

hidden non-locality N. Gisin 1996
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の状態を    に比べて   だけ減衰させるj0i j1i ⌘

Detection of hidden non-locality

amplitude damping channel

⇤AB D
✓

1 0
0 ⌘A

◆
˝

✓
1 0
0 ⌘B

◆

0  ⌘A;B  1

post selection of the state

local filter

a b測定軸 測定軸

local filter

⇢0 D ⇤⇢⇤é

Tr.⇤⇢⇤é/
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Monte Carlo

5000 samples

局所操作 ( local operation)
entanglement distillationの一種

すべての　でBell不等式の破れが見えるr

Violation of BMK inequality in mutipartite detectors system BMK.tex 2017/8/11 Yasusada Nambu 5

5 Test of BMK inequality

5.1 n D 2 case

⌅ Minkowski vacuum We check the ineqality for Minkowski vacuum.
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Figure 2: Left: r dependence of B2 without local filters. jB2j does not exceed unity. Right: behavior of B2 after local filters. By
choosing appropriate values of the parameter ⌘, jB2j can exceed unity and the Bell-CHSH inequality is violated. For all values of r ,
the violation is observed.

Figure 3: r dependence of maximum values of jB2j after local filtering. Violation of the Bell-CHSH inequality is detectable for all r .

⌅ Conformal vacuum (de Sitter) Conformal vacuum case.

Figure 4: Left: r dependence of B2 without local filters. jB2j does not exceed unity. Right: behavior of B2 after local filters. By
choosing appropriate values of the parameter ⌘, jB2j can exceed unity and the Bell-CHSH inequality is violated for r D 0:8; 1.
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Bell-CHSHの破れはsuper horizon scaleでは見えない Monte Carlo
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Test of Bell Inequality: de Sitter n=2
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5 Test of BMK inequality

5.1 n D 2 case

⌅ Minkowski vacuum We check the ineqality for Minkowski vacuum.

Figure 2: Left: r dependence of B2 without local filters. jB2j does not exceed unity. Right: behavior of B2 after local filters. By
choosing appropriate values of the parameter ⌘, jB2j can exceed unity and the Bell-CHSH inequality is violated. For all values of r ,
the violation is observed.

Figure 3: r dependence of maximum values of jB2j after local filtering. Violation of the Bell-CHSH inequality is detectable for all r .

⌅ Conformal vacuum (de Sitter) Conformal vacuum case.
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Figure 4: Left: r dependence of B2 without local filters. jB2j does not exceed unity. Right: behavior of B2 after local filters. By
choosing appropriate values of the parameter ⌘, jB2j can exceed unity and the Bell-CHSH inequality is violated for r D 0:8; 1.
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Figure 5: r dependence of maximum values of jB2j after local filtering. Violation of the Bell-CHSH inequality is detectable for r < 1:5
(sub horizon scale).

5.2 n D 3; 4 cases

⌅ n D 3 n D 3 case,

Figure 6: Left: r dependence of B3 without local filters. jB3j does not exceed unity. Right: behavior of B2 after local filters. By
choosing appropriate values of the parameter ⌘, jB3j can exceed unity and the BMK inequality is violated for r D 0:8; 1; 2; 3.

Figure 7: r dependence of maximum values of jB3j after local filtering. Violation of the BMK inequality is detectable for r < 3:3
(super horizon scale).

⌅ n D 4 n D 4 case,

rmax ⇠ 1:4H
�1

相互作用


